In this paper, we deal with the existence of periodic solutions of Rayleigh equations with two deviating arguments
Introduction
It is well known that time delays exist widely in biology, neural network, automatic control engineering and so on. Since the existence of delays is frequently a source of instability, bifurcation and chaos, it is important to study the dynamical behaviors of the differential equations with delays.
Recently, the periodic problem of Rayleigh equations with a deviating argument x + f (x (t)) + g(x(t − τ (t))) = e(t) ( 1 .1) has been widely studied because of its background in applied sciences, where f, g, τ, e : R → R are continuous functions and τ, e are periodic with period 2π. Many different kinds of sufficient conditions for the existence of periodic solutions of Eq. (1.1) are proved by using the continuation theorem of coincidence degree theory [3] [4] [5] [6] [7] [8] [9] [10] . In [9] , Y. Zhou, X. Tang studied the existence of periodic solutions of Eq. (1.1). They proved the following result. Then Eq. (1.1) has at least one 2π periodic solution provided that the inequality 2π(r 1 + πr 2 ) < 1 holds.
In contrast to the periodic problem of Eq. (1.1), the periodic problem of Rayleigh equations with two deviating arguments
is less studied, where σ, τ are positive constants. Assume that f (t, 0) = 0 for t ∈ R and 2π 0 e(t)dt = 0. In [8] , G. Wang, J. Yan Studied the existence of periodic solutions of Eq. (1.2). They proved the following theorem. Theorem B. Assume that there exist constants K > 0, M > 0 and d > 0 such that the following conditions hold,
Then Eq. (1.2) has at least one 2π periodic solution. The result in [8] was further generalized to p-Laplacian Rayleigh equations with deviating arguments of the form
where p > 1 and ϕ p : R → R is given by ϕ p (s) = |s| p−2 s for s = 0 and ϕ p (0) = 0, f, g : R 2 → R are continuous and 2π periodic with respect to the first variable, e, σ, τ : R → R are continuous and 2π periodic. When conditions (h i ) (i = 1, 2, 3) hold, it was proved in [10] that Eq. (1.3) has at least one 2π periodic solution.
Motivated by the results in papers [8] [9] [10] , we shall deal with the existence of periodic solutions of Rayleigh equations with two deviating arguments
where f, g : R 2 → R are continuous and 2π periodic with respect to the first variable, e, σ, τ : R → R are continuous and 2π periodic. We shall study the existence of periodic solutions of Eq. (1.4) when f, g are unbounded.
Owing to the appearance of a deviating argument in f (t, x (t − σ(t))) and the unboundedness of f, g, the methods in [8] [9] [10] are no longer valid. To overcome the difficulty, we take a new analysis skill to obtain the prior estimates. Main results of this paper are the following theorems. 
Then Eq. (1.4) has at least one 2π periodic solution provided that the inequality
holds.
Throughout this paper, for any continuous 2π periodic function x(t), we always use notations as follows,
Preliminary lemmas
It is well known that continuation theorems play an important role in studying the existence of periodic solutions of differential equations. We now introduce a continuation theorem which will be used to prove the existence of periodic solutions of Eq. Then we have Then equation Lx = Nx has at least one solution inΩ. Next, we shall give two lemmas which will be used in getting the priori bounds.
Lemma 2.1.([1]) Let X and Y be two Banach spaces. Suppose that L : D ⊂ X → Y is a Fredholm operator with index zero and N
: X → Y is L-compact onΩ,(1) Lx = λN x, for all x ∈ ∂Ω ∩ D(L), λ ∈ (0, 1); (2) Nx ∈ ImL, for all x ∈ ∂Ω ∩ KerL;
Lemma 2.2.([9]) Let x(t) be a continuously differentiable 2π periodic function. Then, for any
t ∈ [0, 2π], ||x|| ∞ ≤ |x(t)| + 1 2 2π 0 |x (t)|dt.
Lemma 2.3. Let x(t) be a twice continuously differentiable 2π periodic function. Then
Proof. The proof follows directly from the Wirtinger inequality ( [2] ).
Main theorems
In this section, we shall use the continuation theorem introduced in section 2 to prove the existence of periodic solutions of Eq. (1.4). To this end, we first quote some notations and definitions. Let X and Y be two Banach spaces defined by
with the norms
Define a linear operator
where D(L) = {x ∈ X : x ∈ C(R, R)}, and a nonlinear operator
x(t − τ (t))) + e(t).
It is easy to see that
It follows that L is a Fredholm mapping of index zero. Let us define two continuous projectors P : X → KerL and Q : Y → Y by setting
Then L P is an algebraic isomorphism and we define
P . Clearly, we have that, for any y ∈ ImL,
For any open bounded set Ω ⊂ X, we can prove by standard arguments that K P (I − Q)N and QN are relatively compact on the closureΩ. Therefore, N is L-compact onΩ.
It is noted that Eq. (1.4) is equivalent to the operator equation
To use Lemma 2.1, we embed this operator equation into an equation family with a parameter λ ∈ (0, 1),
which is equivalent to the equation as follows,
In the following, we shall prove some new theorems on the existence of periodic solutions of Eq. (1.4) by using the continuation theorem. 
Then Eq. (1.4) has at least one 2π periodic solution provided that the inequality
2π γ + q(π + γ ) < 1
holds.
Proof. We shall prove that all conditions of Lemma 2.1 are satisfied. Consider the auxiliary equation (3.1). Let x(t) be any 2π periodic solution of Eq. (3.1).
Integrating both sides of (3.1) on the interval [0, 2π], we get 
[f (t, x (t − σ(t))) + g(t, x(t − τ (t))) − e(t)] dt = 0.
It follows that there exists a t * ∈ [0, 2π] such that
According to (3.2) and condition (f 1 ), we have Therefore, we get
It follows from (3.3) and (3.5) that
From Lemma 2.2 we know
Therefore, we obtain
(3.7) From conditions (f 1 ), (g 2 ) and (3.7) we get
where
According to (3.6) and (3.8), we obtain
Since 2π γ + q(π + γ ) < 1, we know that there exists M 1 > 0 such that
which, together with (3.6), implies that there exists M 2 > 0 such that
Then, for any x ∈ ∂Ω ∩ D(L) and λ ∈ (0, 1), we have
Therefore, the first condition of Lemma 2.1 is satisfied. To check the remaining conditions of Lemma 2.1, we note that, if x ∈ Ω ∩ KerL, then x(t) ≡ c with |c| < M 3 . In this case, we get
If x ∈ ∂Ω ∩ KerL, then |c| = M 3 >d and it follows from (3.4) that
Hence, QNx = 0, for x ∈ ∂Ω ∩ KerL, which implies that Nx ∈ ImL for all x ∈ ∂Ω ∩ KerL. Now, let us define J = identity : ImQ → KerL. It is easy to see from (3.4) and (3.9) that
Therefore, all conditions of Lemma 2.1 are satisfied. According to Lemma 2.1, Eq. (1.4) has at least one 2π periodic solution. 2 Similarly, we have the following Theorem. 
Then Eq. (1.4) has at least one 2π periodic solution provided that the inequality
holds.
If condition (f 1 ) is replaced by the condition as follows,
then we can obtain the following result. 
From condition (f 2 ) we know that there exists a constant c ε such that
Applying Theorem 3.1, we know that the conclusion of Corollary 3.1 holds. 
In the following, we shall deal with the existence of periodic solutions of Eq. (1.4) when condition (g 2 ) or (g 2 ) is replaced by one double sided condition. 
Proof. We also consider the auxiliary equation (3.1). Let x(t) be any 2π periodic solution of Eq. (3.1). Multiplying both sides of (3.1) by x (t) and integrating on the interval [0, 2π], we get
According to conditions (f 1 ) and (g 3 ), we have
we have
On the other hand, it follows from the proof of , there exists a sufficiently small ε > 0 such that
Applying Theorem 3.3, we know that the conclusion of Corollary 3.3 holds. 2
